We first define a quantity exhibiting the usefulness of bipartite quantum states for teleportation, called the quantum teleportation capability, and then investigate its restricted shareability in multiparty quantum systems. In this work, we verify that the quantum teleportation capability has a monogamous property in its shareability for arbitrary three-qutrit pure states by employing the monogamy inequality in terms of the negativity.
We first define a quantity exhibiting the usefulness of bipartite quantum states for teleportation, called the quantum teleportation capability, and then investigate its restricted shareability in multiparty quantum systems. In this work, we verify that the quantum teleportation capability has a monogamous property in its shareability for arbitrary three-qutrit pure states by employing the monogamy inequality in terms of the negativity. Entanglement is one of the most significant phenomena in quantum information science as well as quantum mechanics with no classical counterpart, and thus has been studied by a lot of scientists for several decades. Nevertheless, there are still open problems related to entanglement, especially multipartite entanglement. In order to understand entanglement more precisely, we need to explore various kinds of properties about entanglement and to investigate its useful applications.
Multipartite entanglement has an interesting property, called the monogamy of entanglement, which means that quantum states with a specific amount of entanglement cannot be arbitrarily shared in a multipartite quantum network. The monogamous property can be considered as one of the most important features in multipartite entanglement. In particular, the property can be seen by the monogamy inequality in terms of the Wootters' concurrence C [1] , called the Coffman-Kundu-Wootters inequality [2, 3] as follows: For an arbitrary n-qubit pure state |ψ 12···n and its reduced density operators ρ 1j ,
where C 1(2···n) = C(|ψ 1(2···n) ψ|) and C 1j = C(ρ 1j ). Hence this inequality (1) shows that there is an explicit constraint on pure entangled states in multi-qubit systems. It is clear that one of the most practical applications of entanglement is teleportation [4] , which is to transmit quantum information between two distant parties through a classical channel assisted by entanglement. Thus it is also certain that the amount of the entanglement to assist the classical channel determines how reliably teleportation can be performed in the given situation. On this account, it would be necessary to consider some quantity to represent the reliable teleportation for further understanding of entanglement.
Given a two-qudit state ρ, we define the quantity f , * Electronic address: level@khu.ac.kr called the teleportation fidelity [5] , as
where the integral is performed with respect to the uniform distribution dξ over all one-qudit pure states, and Λ ρ is the standard teleportation scheme over ρ to attain the maximal fidelity. We remark that f (ρ) > 2/(d + 1) if and only if ρ is said to be useful for teleportation, since it has been shown that the classical teleportation can have a fidelity at most 2/(d + 1) [5] [6] [7] . Thus, we can define a quantity showing the usefulness for teleportation as
which we here call the quantum teleportation capability of a given two-qudit state ρ. Then it is clear that 0 ≤ T (ρ) ≤ 1, T (ρ) = 0 if and only if ρ is said to have no quantum teleportation capability, and T (ρ) = 1 if and only if ρ is said to have full quantum teleportation capability.
One well-known relation between entanglement and teleportation is that C(|φ φ|) = T (|φ φ|) for all twoqubit pure states |φ , and C(ρ) ≥ T (ρ) for all two-qubit mixed states ρ. It follows from the inequality (1) that, for any n-qubit pure state |ψ 12···n and its marginal density matrices ρ 1j ,
where
In other words, the quantum teleportation capability also has a monogamous property as a multipartite constraint of teleportation in the case of n-qubit pure states, whereas the monogamy inequality (4) does not hold in general for n-qubit mixed states [8] . Then one could naturally ask a question as follows: Does the quantum teleportation capability have such a multipartite constraint, called the monogamy inequality, in higher-dimensional quantum systems?
In this work, we present a positive answer to the above question, and verify that the monogamy inequality in terms of the quantum teleportation capability holds for numbers of three-qutrit pure states.
Our main idea is very simple. First, note that it is generally difficult to calculate the teleportation fidelity or the quantum teleportation capability of a given twoqudit state, since the maximal fidelity for all standard teleportation schemes over the same state should be computed to complete the calculation. Thus we need another quantity to have some specific relation with the quantum teleportation capability and to be computable as well.
We here suggest the negativity as such a quantity for the following reason. For a two-qudit state ρ AB , its (normalized) negativity N (ρ AB ) [9] [10] [11] is defined as
where · is the trace norm, and ρ TB AB is the partial transposition of ρ AB . Remark that
for all two-qudit pure states |φ and
for all two-qudit mixed states ρ [10] . Hence, in order to prove that the quantum teleportation capability has a monogamous property for multipartite pure states, it suffices to show that the monogamy inequality in terms of the negativity holds for pure entangled states in multipartite quantum systems, that is, for any n-qudit pure state |ψ 12···n and its reduced density matrices ρ 1j ,
where N 1(2···n) = N (|ψ 1(2···n) ψ|) and N 1j = N (ρ 1j ), since the inequality (8) directly implies the monogamy inequality in terms of the quantum teleportation capability. For simplicity, we consider only three-qutrit pure states in this work. It has been shown [12, 13] that there are three-qutrit pure states to violate the monogamy inequality in terms of the concurrence, such as the states
and
However, it was also known [14] that the above two states still satisfy the monogamy inequality in terms of the convex-roof extended negativity (CREN) [11] . Since the CREN value of a given mixed state is not less than its negativity value by the convexity of the negativity, we can readily obtain that the monogamy inequality in terms of the negativity also holds for both states |Ou in Eq. (9) and |KS in Eq. (10) . It follows that the negativity (or the CREN) seems to be an entanglement measure to show a monogamous property of multipartite entanglement, while the concurrence does not reveal the monogamy of entanglement in higher-dimensional quantum systems.
Furthermore, it can be shown that the monogamy inequality in terms of the negativity still holds for coherent superpositions of several known three-qutrit pure states [15] 
where I is the 3 × 3 identity matrix, {i, j, k} = {1, 2, 3}, and
By tedious calculations, we have
and hence obtain that if 0 ≤ p ≤ 6/7 then
and if 6/7 ≤ p ≤ 1 then
It can be directly shown that both values in Eq. (17) and Eq. (18) are nonnegative. This implies that |Ou p 123 satisfies the monogamy inequality in terms of the negativity. Example 2: |KS p 123 . It is also straightforward to calculate the reduced density matrices
where {j, k} = {2, 3}, and
Thus we have
and hence
that is, |KS p 123 also satisfies the monogamy inequality in terms of the negativity. Finally, we numerically verify that the monogamy inequality in terms of the negativity holds for numbers of three-qutrit pure states.
Example 3: Numerical evidence. From the multipartite generalization of the Schmidt decomposition in Ref. [16] , it has been known that any three-qutrit pure state |Ψ ABC can be expressed as
where the coefficients c ijk have the following properties: The above analytic and numerical results imply that the monogamy inequality in terms of the negativity holds for almost all three-qutrit pure states, and thus the monogamy inequality in terms of the quantum teleportation capability is also satisfied for three-qutrit pure states by exploiting the relation between the negativity and the quantum teleportation capability in Eq. (6) and the inequality (7) . This provides us with a highly probable conjecture that the quantum teleportation capability has a monogamous property even for all multipartite qudit pure states as well as for three-qutrit pure states.
In summary, we have defined the quantum teleportation capability of a given bipartite state as a quantity exhibiting the usefulness for teleportation over the state, and have verified that the quantum teleportation capability has the monogamous property for numbers of threequtrit pure states by showing the monogamy inequality in terms of the negativity for those states. Therefore, we have obtained a strong evidence to show that quantum states with a specific amount of the quantum teleportation capability cannot be arbitrarily shared in a multipartite quantum network. 
